Topology 11
Exam October 15, 2024
Exam time 14.00-17.00

Problems

pl. Let (X, 7) be a topological spacc and let B he a basis of 7. Let also A C X bhe a
subset and x € X. Show that x € A if and only if for every B € B satislying r € B
holds BN A # 0.

P2. Let (X,7) and (Y,7’) be topological spaces, let f: X — Y be a continuous map
from (X,7) to (Y,7"), and let 7} be the topology induced by f from 7”. Let also
g: X =Y be a continuous map from (X, Tf) to (Y,T"). Show that g is continuous
from (X,7) to (Y,77).

p3. Let I be a set and, for each 7 € I, let (X;,7;) be a topological space and E; C X; a
dense subset in (Xj,7;). Show that E = {(z;)icr: @i € E; for each i € I'} is a dense
subset of the product space [;c; X;-

p4. Show that there exists a continuous function f: [0,1] — R which is not monotone
on any subinterval [a,b] of [0,1] for 0 < a < b < 1. (Hints: You may want to follow
the following strategy': For rational numbers 0 < p < ¢ < 1, denote Gpa={f€
C[0,1]: f is not monotone on [p, g]}. (a) Show that G, is open in C[0,1] (2p). (b)
Show that G, is dense in C[0,1] (2p). (¢) Use Baire’s theorem (2p).)
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"By Viiisiilii, we know that the space C[0,1] of continuous functions f: [0, 1] = R with the supremum
worin ||+]| is a complete norm space and that the related metrie space (C[0, 1), d) is u complete wetric
space,
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