SPECTRAL THEORY / EXAM 1 / 08.03.2022

1. Consider the Hilbert space

o <]

= {z = () Z|zj|2<oo, z;€C,j=12.}

with the inner product

(zly) = ZnyJ’ z = (z3)521, = (¥5)j=1-
j=1
Let T = (1)21,7 €C,j=1,2,.., be a bounded sequence, that is, there is a posi-
tive real number C such that |v;| < C for all j = 1,2,.... Define the multiplication
operator Mr : £2 — €2 as follows
Mr : (z5)52, — (vj5)32,, for (z)521 € 2.
i) Show that M : £2 — €% is a bounded operator; (2 points)
ii) Show that Mr is self-adjoint, i.e. Mp = My, if and only if 7; is a real number
for each j = 1,2,...; (4 points)
iii) Show that Mp is compact, if and only if the sequence (ya)aZ; converges to
0. (4 points)

2. Consider the operator By : D(Bo) = H, Bof(t) = i f(t) for t €]0,1[, where
= 52(]0,1]) and D(Bo) = (10, 1[) C H.
i) Show that By = By, where By : D(B1) = H, B1f(t) = if'(t) (weak derivative)
for ¢ €]0, 1[ with D(B,) = H}(]0,1[) C H; (4 points)
it} Show that By = Bs, where By : D(Bs) = H, Byf(t) = if'(t) (weak deriva-
tive) for t €]0, 1[ with D(Bs) = H'(]0,1[) C H. (4 points)

5. Let H be a Hilbert space and U : H — H be a bounded linear operator.
Assurne that U is a bijection from H onto H and that U~ 1= U* where U™ : H -
H is the inverse of U and U* : H — H is the adjoint operator of U. Prove that the
spectrum of U lies in the unit circle of the complex plane, that is,

o(U)c{reC:|A=1}. (6 points)




{"type":"Document","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":true}

