
SPECTRAL THEORY / EXAM 1 / 08.03 .2022 

1. ~onsider the Hilbert space 
00 

j=l 

with the inner product 
00 

(x\y) = L>iYi, x = (xi)~1, y = (yi)~1. 

j=l 

Let r = hi )';:1 , Ti E C, j = 1, 2, ... , be a bounded sequence, that is, there is a posi-
tive real number C such that bi I ::::; C for all j = 1, 2, . . . . Define the multiplication 
operator Mr : £2 --+ £2 as follows 

Mr : (xi )~1 H (,ixi )~1, for (xi )~1 E e2
. 

i) Show that Mr : £2 --+ e2 is a bounded operator; (2 points) 
ii) Show that Mr is self-adjoint, i.e. Mr = Mr, if and only if ii is a real number 

for each j = 1, 2, ... ; (4 points) 
iii ) Show that Mr is compact, if and only if the sequence hn)~=l converges to 

0. ( 4 1~oints) 

2. Consider the operator Bo : D(Bo) --+ H, B0 f(t) = i·fiJ(t) for t E]O, l[, where 
H = .'}(]O, l[) and D(B0 ) = Cci'°(]O, l[) c H. 

i) Show that Bo= B 1 , where B1 : D(B1) --+ H , Bif(t) = i f'(t) (weak derivative) 
fort E]O, l[ with D(B1 ) = HJ(]O, l[) CH ; (4 points) 

ii) Show that B0 = B2, where B2 : D(B2) --+ H, B2 f (t) = if'(t) (weak deriva-
tive) fort E]O, 1[ with D(B2 ) = H 1 (]0, 1[) CH. (4 points) 

3. Let H be a Hilbert space and U : H --+ H be a bounded linear operator. 
Assur,:ie that U is a bijection from H onto H and that u- 1 = U* , where u- 1 

: H --+ 
His t he inverse cf U and U* : H--+ His the adjoint operator of U. Prove that the 
spectrc1m of U lies in the unit circle of the complex plane, that is , 

a-(U) C {>,EC: i>-1 = l}. (6 points) 
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