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1. Let v+ [ — R" be a C™-path. Show that a vector field €
T(v), V= (VL. . V"), is parallel with respect to the Euclidean
connection if and only if its components V' are constant functions.

2. (a) Prove that the Lie bracket T(M) x T(M) = T(M)
(X,¥) s [X, V]

Is not a connection.

(b) Prove that there exist smooth vector fields V ¢ T(R?) and
W e T(R?) such that V = W = 2 along the z-axis, but the
Lie brackets [V, Z%] and U/V, 5%] are not equal on the z-axis,

3. Let M and N be Riemannian manifolds and f+ M — N adif
feomorphism. Suppose that N is complete and that there exists a
constant ¢ > 0 such that

vl > el fpv]

for all p € M and for all v € T,M. Prove that M is complete.

4. Let v: [a,b] — M be a geodesic and V a Jacobi field along . Prove
that
Vo de) = (Va, ) + (¢ = a)(V], 4
for every t € [a, b].

5. (a) Formulate the Rauch comparison theorem.
(b) Let M be a complete Riemannian manifold such that & (o) <0
for every 2-dimensional subspace o ¢ 7/ pM and for every p &
M. Prove that exp,: Tp,M — M is a local diffeomorphism for
every p € M.



