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Reaalianalyysi I

Erilliskoe 3h

7.8.2019

1. Olkoon (X,T,pu) tédydellinen mitta-avaruus ja f; € LP(X), k €
N, 1 < p < o0, sellainen jono, ettd raja-arvo
lim fi(z) = f(z)
k—oo
on olemassa yu-mk. z € X ja

liminf|| ][, = a < oo.
k—o0
Osoita, ettd f € LP(X) ja || fll, < a.

2. Olkoon f:[0,1] — R mitallinen ja 0 § f(z) < oo melkein kaikilla
z € [0, 1]. Osoita, ettd -

S

(f se200) (] %) 2

3. Olkoon 1 < p < g < o0 ja A C R"™ mitallinen siten, ettd 0 <
m(A) < oo. Osoita, ettd

(s )" (s [

kaikilla f € L7(A).

4. (a) Anna Hardy-Littlewood maksimaalifunktion M f mééritelmé,
kun f € L} (R™) on lokaalisti integroituva funktio.

loc

(b) Osoita, ettd M f(z) < oo melkein kaikilla z € R"™ aina kun
f e LYR™).

5. Olkoon f: [a,b] — R absoluuttisesti jatkuva, 1 < p < oo ja f’ €
LP([a,b]). Osoita, ettd on olemassa C € R siten, etti

|f(z) = fy)l < Clz —y|*
kaikilla z,y € [a, b], missé a =1 — 1/p.

(In English overleaf.|
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1. Let (X,T',u) be a complete measure space and f, € LP(X), k €
N, 1 < p < o, a sequence such that the limit

lim fx(z) = f(z)
k—o0
exists for p-a.e. x € X and
li’?_l)ilolf”fk”p =a < 00.
Prove that f € LP(X) and |||, < a.

2. Let f: [0,1] — R be measurable and 0\< f(z) < oo for almost every
z € [0,1]. Prove that

([ 10 ([ )

3. Let 1 < p < ¢qg < ooand A C R"” a measurable set such that
0 < m(A) < co. Prove that

(i )= )

for every f € LI(A

4. (a) Define the Hardy-Littlewood maximal function M f of a locally
integrable function f € Li (R™).
(b) Prove that M f(z) < oo for almost every z € R"™ whenever
f e LYR™).

5. Let f: [a,b] =& R be absolutely continuous, 1 < p < oo , and
[ € LP([a,b]). Prove that there exists a constant C' € R such that

|f(z) = f(y)] < Clz —y|*
for all z,y € [a,b], where a =1 — 1/p.

[Suomenkieliset tehtavit kddntopuolella.|




