Department of Mathematics and Statistics

Measure and integration
Exam 28 February 2024

1. Find the limit and justify your answer:
+00

lim e’ (1 + (sin(l/:i;))k)3 dz

k=400 Jg

2. Assume that X is an arbitrary set and I' ¢ P(X) is a o-algebra. Let 4 be a measure on I', assume
that pu(X) < 0o0. Let A, Ay, ... € I be some sets and assume that for any & = 1 we have

k
#(m A) =z L
i=1
Prove that ﬂ::f A; #@.

3. Recall that m, denotes the outer measure. Assume that A C R" is such that my(A) < oo and
there exists a (Lebesgue) measurable set A; C A such that m,(4;) = m;(A4). Find mp(4\ 4;).
Prove that A is measurable.

4. Assume that f : R — R is an integrable function. Given € > 0 define
E. ={zeR" | |f(z)] s€}.

Prove that for any € > 0 the set E,. is measurable m,(E,) = +00. Prove that




