Introduction to Algebraic Topology
Exam February 25, 2025
Exam time 12.14-14.00

Problems

In the following problems, B™(z,r) = {y € R": [y —z| < r} is an open Euclidean ball
in R" and S"!(z,r) = 8B%z,r) = {y € R*: |y — z| =r} a Buclidean sphere. We also
denote B™ = B*(0,1) and S"! =5""1(0,1).

pl. Let X be a path-connected space, zo,21 € X, and let f: X — Y Dbe continuous
map for which the induced map fi: m(X, o) — m1(Y; f(20)) is injective. Show that
the induced map f.: m(X,z1) — w1 (Y, f(21)) is injective. (Hint: Writing is easier if
the induced maps have different names, like f2 and f;.)

_ Let X =S x S'. Give an example of a covering map ¢: X — X, where X is path-
connected and not homeomorphic to X, for which all lifts of the loop a: [0,1] = X,

¢ — (e%m,(1,0)), under ¢ are loops.

p3. Let yp € 5%, 1et Y = 1% 82, let X = YU(B*x{yo}) C R®, and o = ((1/2, 0),%0) €
X . Show that m(X,zo) is a trivial group. (Hint: Seifert-van Kampen with =

{U, V}, where U = B*(0, 3/4) x {yo}. Draw a picture.)
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