INTRODUCTION TO COMPLEX ANALYSIS, 2026 — EXAM (MARCH 2)

In this exam, you are allowed a “cheat sheet”: namely one hand written A4-sheet (with
writing on both sides) as well as a simple calculator (not one capable of symbolic calculation).

Each of the four problems below is worth 6 points and if the problem has multiple parts,
each part is worth an equal number of points. Show your work in all problems (giving just an
answer is worth 0 points).

Good luck!

(1) Ehlow t]:uai]:1 .th.e f}énction f:CoC, flz+iy) = eV (cos(2zy) + isin(2zy)) is
olomorphic in C.
(2) Show that the function g : C — C, g(z + iy) = €% (cos(2zy) — isin(2zy)) is
holomorphic only at z + iy = 0 and not holomorphic at any point in C\ {0}.

Show (any way you want)
(1) f,y cos zdz = —i(e™ — e~ ™), where v is a smooth curve with parametrization z :

[0,7] = C, 2(t) = V2rel(F+D),

2) [%% mrempde =3

Let f : C — C be holomorphic and assume that there exists some constant C' > 0 and
a positive integer n such that |f(z)] < C(1 + |z|) for all z € C. Prove that f is a
polynomial of degree at most n.

Hint: Try to prove that f&) (2) =0 for all z € C and k > n using something related to
Cauchy.

(1) Let f: B(0,1) ={z € C: |z| <1} — C be continuous and f : B(0,1) — C be
holomorphic. Prove that for each z € B(0,1)

16 =5 [ @) g,

where C1(0) = {w € C : |w| = 1} with the counter clockwise orientation (you can
assume Cauchy’s integral formula in the form used in the notes).
(2) Let f : B(0,1) — C be holomorphic and lim,._,;- sup;ejoox |/ (re™)| = 0. Prove
that f(z) =0 for every z € B(0,1).
Hint: For the first part, note that you cannot use Cauchy’s integral formula directly
since C;(0) is not a curve inside the open set where f is holomorphic. However, for each
fixed z, you can use Cauchy’s integral formula for C,(0) with suitable r € (0,1). Are you
able to take r — 17?7 You might want to recall that a continuous function on a compact
set is uniformly continuous.
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