Fourier Analysis 11 — Spring 2019

COURSE EXAM 6.5.2019 AT 9:15-11:45 (25 HOURS)

Solve any four (4) of the following problems. (The choice is yours, all are worth the same.)

In any problem that you choose, it is always a good idea to write down the definitions of the
objects and symbols appearing in the statement of the problem: this can earn you some points,
even if you don’t solve the full problem. It is also a good idea to say, if you use some non-trivial
theorem. In general you are allowed to use any results from the course, except of course the ones
that you are specifically asked to prove.

Problem 1. Let u € L'(R), and suppose that also the function = — |z| - u(z) belongs to L*(R).
Prove that the Fourier transform 4 is differentiable at every point.

Problem 2. Prove the formulas
fxg=13,  Jfoa=1F*g
for all f,g € (R%). You can use other known properties about the Fourier transform on .%*(R%),
as long as you state what you use.
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for all f,g € &#(R%). Then choose a suitable g to verify Plancherel’s formula £l = |||z for all
f € #(R%). You can use other known properties about the Fourier transform on . (R%), as long
as you state what you use.

Problem 3. Prove the formula

Problem 4. The function e~1#I* has a special role in Fourier analysis. Explain briefly why. (Just
state the relevant fact, no need to prove it.) Let
1 l=i?
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and define the heat semigroup Ty f = ht f for f € L'(R?). Prove that this satisfies the semigroup
property '

T(Tof) =Topsf, Ve L'(RY), Vis>0.

Problem 5. Ezplain in detail the meaning of the formula
N
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(What is d,, in what sense does the series converge, what is meant by the Fourier transform of
such a series, etc.) You don’t need to prove the formula.




